In this work we have studied the singular behaviour of gravitational theories with non symmetric connections. For this purpose we introduce a new criteria for the appearance of singularities based on the existence of black/white hole regions of arbitrary codimension defined inside a spacetime of arbitrary dimension. We discuss this prescription by increasing the complexity of the particular torsion theory under study. In this sense, we start with Teleparallel Gravity, then we analyse Einstein-Cartan theory, and finally dynamical torsion models.
I. INTRODUCTION
In a physical theory, a singularity is commonly known as a "place" where some of the variables used in the description of the system diverge. For example, we find this in the singularity in r = 0 of the Coulombian potential V = K q r . This kind of behaviour appears mainly because the theory is not valid in the considered region or we have assumed a simplification. In the previous example the singularity arises due to the fact that we are considering the charged particle as a point and neglecting the quantum effects.
In General Relativity (GR), one might expect to observe singularities when the components of the tensors that describe the curvature of the spacetime diverge. This means that the curvature is higher than
, where l p is the Planck length, so we need to have into account the quantum effects, which are not considered in this theory. However, there are situations where this behaviour is given as a result of the chosen coordinates. This is the case of the "singularity" in r = 2M in the Schwarzschild metric. For this reason, another criteria, proposed by Penrose [1] , is used to define a singularity: geodesic incompleteness. The physical interpretation of this condition is the existence of free falling observers that appear or disappear out of nothing. This is "strange" enough to consider it a sufficient condition to assure that there is a singularity.
Already in the first solutions of Einstein equations there are "places" where the components of the curvature tensors diverge, like in r = 0 in the Schwarzschild metric and t = 0 in the Friedmann-Lemaître-RobertsonWalker (FLWR) metric, but it was thought that this was a consequence of the excessive symmetry of the solutions, as it occurs in many situations in classical mechanics or electromagnetism. The first attempt of proving a singularity theorem was made by Raychaudhuri [2] in 1955, in an article where he introduced his famous equation, which is essential in the later development of singularity theorems. Ten years later, Penrose formulated the first singularity theorem that does not assume any symmetry [1] (for a recent review see [3] ). It is also the first * Electronic address: cembra@fis.ucm.es † Electronic address: jorgegigante@ucm.es ‡ Electronic address: fmaldo01@ucm.es to use geodesic incompleteness in the definition of a singularity. This theorem showed that the singularity in r = 0 of the Schwarzschild metric is also present under non symmetrical gravitational collapses.
The same happens with the singularity in t = 0 of the FLRW metric, but this time is a consequence of a theorem stated by Hawking a year later [4] , which predicts that, under three physically realistic conditions, all past directed timelike geodesics have finite length, therefore every particle of the Universe (hence the Universe itself) had a beginning. The mentioned conditions are that the action of the Ricci tensor over a timelike vector is greater or equal than cero, which it is interpreted as the attractive nature of gravity, that the Universe is globally hyperbolic and there is an hypersurface with positive initial expansion. Although we have said that the conditions are physically realistic, since it was measured the accelerated expansion of the Universe [5] , the convergence condition fails.
In general, all singularity theorems follow the same pattern, made explicit by Senovilla in [6] :
Theorem I.1. (Pattern singularity "theorem"). If the spacetime satisfies: 1) A condition on the curvature. 2) A causality condition.
3) An appropriate initial and/or boundary condition. Then there are null or timelike inextensible incomplete geodesics.
Let us stop for a moment and analyse the configuration of the theorems. When the singularity theorems are derived, no assumptions are made on the underlying physical theory, that is, the one that links the matter and energy content with the structure of the spacetime. This means that they are valid, not only for GR, but for all the modifications that change the Einstein-Hilbert action. It is worth mentioning that the first condition can be reformulated using the field equations of the theory, obtaining what is known as the energy conditions. These conditions are dependent of the considered theory, therefore they will differ from one to another, e.g., in GR they are formulated in terms of the energy-stress tensor only, while in f(R) theories there are some extra terms related to the curvature [7] . Since we are working in a Lorentzian manifold, we have to endow it with an affine structure, which is implicitly assumed to be the Levi-Civita one, as it is postulated in GR, given by the Christoffel sym-
This is the unique connection that is covariantly conserved [9] ,∇ ρ g µν = 0, and symmetric,Γ 
which is known as torsion. The rest of degrees of freedom, D 2 (D + 1)/2, are encoded in the non-metricity tensor
One might wonder if it is possible to modify the gravitational theory by setting these tensors to be different from zero, i.e. postulating a connection that it is not Levi-Civita. Certainly it is, although we have to take into account some considerations:
1. Every connection assigns to a curve γ a different acceleration, given by
where
ds is the four-velocity of the curve γ, parametrised by its proper time as γ (s) = x µ (s). If acceleration is to keep a meaning [10] , it is necessary that the same metric is considered all along the curve. In other words, the connection must parallel-transport the metric, that is
for every vector field v ρ , which is equivalent to the metricity condition (M ρµν = 0). This is why we will only consider connections that fulfill this condition from now on, although there has been work done in modified theories that set the non-metricity tensor different from zero, like in [9] (for a review of these theories see [11] ).
A different connection does not necessarily leads
to a theory with a different phenomenology, since the action may be invariant or differ only by a divergence term under this change, therefore leaving the field equations unchanged. This is the case of a spacetime with linear vector distortion [9] or teleparallel Gravity (TEGR) [10] .
The latter case deserves some attention, as it is one of the simplest cases of this kind of theories, while at the same time, it is a good example to first apply the methods that we will use in more complicated ones. But first, let us review the singularity theorems in GR.
II. SINGULARITY THEOREMS IN GENERAL RELATIVITY
It seems logical that since we are generalizing the singularity theorems of GR, we introduce in this section the most general ones. This is the case of two recent theorems due to Senovilla and Galloway [12] , that predict the occurrence of singularities, i.e. incomplete geodesics, based on the existence of trapped submanifolds of arbitrary co-dimension. The main key of the demonstration is, like in almost every singularity theorem, finding the conditions for the appearance of focal and/or conjugate points.
Let us consider a family of geodesics γ s (t), where
µ is the tangent vector to the family and X µ = ∂ ∂s µ is the orthogonal deviation vector (that represents the displacement towards an infinitesimally near geodesic). These vectors follow the orthogonal deviation equation
A solution X µ of this equation is called a Jacobi field on γ. With this established we can see what we understand by conjugate and focal points:
Definition II.1. Let γ be a geodesic emanating from p (orthogonal to a spacelike submanifold Σ). Then a point q is conjugate (focal) along γ to the the point p (of the spacelike hypersurface Σ) if there exists a non-zero Jacobi field on γ that vanishes at p and q (does not vanish at Σ and vanishes at q).
The problem of whether this kind of points will appear or not can be addressed in two different ways. In the physics orientated literature [8, 13] it is studied by means of the Raychaudhuri equation, which gives us the evolution of the expansion in a congruence of curves (not necessarily geodesics). On the other hand, in the mathematical literature [14] this is solved in the context of variational calculus, by using the so-called Hessian form. It is based on the idea that the set of all piecewise smooth curve segments γ : [0, b] −→ M from a submanifold P (that clearly includes the case P = p) to a point q, Ω (P, q), can be treated as a manifold.
There is an explicit expression of this form, but before we write it we have to familiarize ourselves with the notation. Let Σ be a spacelike submanifold of arbitrary co-dimension, then we can define [12] :
• n µ : future directed vector, perpendicular to the spacelike submanifold Σ.
• − → e A : vector fields tangent to Σ.
• γ: geodesic curve tangent to n µ at Σ.
• u: affine parameter along γ, taking u = 0 at Σ.
• N µ : geodesic vector field tangent to γ, having N µ | u=0 = n µ .
• − → E A : vector fields that are the parallel transport of − → e A along γ (using the Levi-Civita connection), satisfying that
, where γ AB is the inverse of the first fundamental form of Σ in the spacetime, γ AB = g µν e µ A e ν B . In u = 0, P µν is just the proyector to Σ.
• Expansion of the submanifold Σ along − → n :
where − → H is the mean curvature vector of the submanifold Σ, and K AB ( − → n ) is the contraction of the shape tensor − → K AB with the one-form n µ [14] . If θ ( − → n ) < 0 for all posible normal vectors, Σ is said to be a future trapped submanifold. Now we can express the Hessian of two vector fields V, W ∈ T γ (Ω (Σ, q)) as
A is the part of − → v tangent to Σ , and the same for − → W and − → w [12] . The reader might be wondering what is the connection between the Hessian and the conjugate and focal points. The next theorem clears all doubts [15] .
Theorem II.2. Let Σ be a spacelike submanifold and γ a causal curve orthogonal to Σ, then the submanifold Σ does not have focal points along γ if and only if the Hessian is semi-positive definite, having
To assure the appearance of focal points to a hypersurface of arbitrary co-dimension Σ, Senovilla and Galloway develop a curvature condition.
Proposition II.3. Let Σ be a spacelike submanifold of co-dimension m in a Lorentzian manifold of dimension n, and let n µ be a future-pointing normal to Σ. If θ ( − → n ) ≡ (m − n) c < 0, and the curvature tensor satisfies the inequality
along γ, then there is a point focal to Σ along γ at or before q = γ u = This condition can be interpreted as a manifestation of the attractive character of gravity.
Based on this focalisation theorem, Senovilla and Galloway prove a generalisation of the Penrose and HawkingPenrose theorem. The first result predicts the incompleteness of null geodesics:
Theorem II.4. Let (M, g) contain a non-compact Cauchy hypersurface S and a closed future trapped submanifold Σ of arbitrary co-dimension. If the curvature condition holds along every future directed null geodesic emanating orthogonally from Σ, then (M, g) is future null geodesically incomplete.
The second theorem is based on the Hawking-Penrose lemma, which is valid for arbitrary dimension, that states that this three conditions cannot all hold:
• Every inextensible causal geodesic contains a pair of conjugate points.
• There are not closed timelike curves (chronology condition).
• there is an achronal set Σ such that
It is an established result [8, 13] that the first statement holds if R µν v µ v ν ≥ 0 for every non-spacelike vector v µ . When applied to timelike vectors it is known as the timelike convergence condition, while in the case of null ones it is called the null convergence condition. Using the Einstein field equations we can rewrite these conditions in terms of the energy momentum tensor T µν . The equivalent of the timelike convergence is the strong energy condition,
T , and for the null one the weak energy condition, T µν v µ v ν ≥ 0, where T is the trace of the energy-momentum tensor.
Now we can review the generalization of the H-P theorem:
Theorem II.5. If the chronology, generic, timelike and null convergence conditions hold and there is a closed future trapped submanifold Σ of arbitrary co-dimension such that the curvature condition holds along every null geodesic emanating orthogonally from Σ, then the spacetime is causal geodesically incomplete.
Sketch of the proof. First of all, it has to be proven that the existence of closed trapped submanifolds leads to the existence of an achronal set with the properties mentioned in the lemma [12] . Once the H-P lemma is proved, this theorem can be easily deduced, as it is explained in [13] .
III. BLACK HOLE REGIONS
We know from experience, e.g. the Schwartzchild metric, that the existence of incomplete null geodesics leads to the appearance of black holes, that are regions of the spacetime that once an observer enters them, it cannot leave. This applies to all timelike and null curves, not just geodesics. This is usually known as the cosmic censorship conjecture, which is a concept that Penrose introduced in 1969. It basically states that singularities cannot be naked, that means that they cannot be seen by an outside observer. However, how can we express this concept mathematically? The answer lies in the concept of conformal compactification, which can be defined as [18] :
Definition III.1. Let (M, g) and M ,g be two spacetimes. Then M ,g is said to be a conformal compactification of M if and only if the following properties are met:
1. M is an open submanifold ofM with smooth boundary ∂M = J . This boundary is usually denoted conformal infinity.
2. There exists a smooth scalar field Ω onM , such thatg µν = Ω 2 g µν on M , and so that Ω = 0 and its gradient dΩ = 0 on J .
If additionally, every null geodesic in M acquires a future and a past endpoint on J , the spacetime is called asymptotically simple. Also, if the Ricci tensor is zero in a neighbourhood of J the spacetime is said to be asymptotically empty.
In a conformal compactification, J is composed by two null hypersurfaces, J + and J − , known as future null infinity and past null infinity respectively.
In order to establish the definition of black hole, we need to introduce two more concepts [8] Definition III.4. A strongly asymptotically predictable spacetime (M, g) is said to contain a black hole if M is not contained in J − (J + ). The black hole region, B, is defined to be B = M − J − (J + ) and its boundary, ∂B, is known as the event horizon.
Intuitively, we think that a particle in a closed trapped surface cannot scape to J + , meaning that it is part of the black hole region of the spacetime. Nevertheless, this is not true in general. In the next proposition we establish the conditions that ensure the existence of black holes when we have a closed future trapped submanifold of arbitrary co-dimension:
Proposition III.5. Let (M, g) be a strongly asymptotically predictable spacetime of dimension n, and Σ a closed future trapped submanifold of arbitrary co-dimension m in M . If the curvature condition holds along every future directed null geodesic emanating orthogonally from Σ, then Σ cannot intersect J − (J + ), i.e. Σ is in the black hole region B of M 1 .
Proof. This proof is similar to the one of Proposition 12.2.2 by Wald [8] . Let us suppose that Σ intersects J − (J + ). Then, in the conformal compactificationM , we would have that J + (Σ) ∩ J + = ∅. On other hand, we know that the spatial infinity i 0 , the point of the compactification where the future (past) complete spacelike geodesics end (begin), is not in the causal future of any point in M . Therefore it follows trivially that i 0 / ∈ J + (Σ). Since M is strongly asymptotically predictable, there is a globally hyperbolic regionṼ in the compactification such that J − (J + ) ∩ M ⊂Ṽ . From basic topology we have that the intersection of two closed sets is closed, therefore Λ = Σ∩ J − (J + ) ∩ M is closed, where clearly Λ ⊂ Σ and Λ ⊂Ṽ . In addition, a closed subset of a compact is also compact, so from the compactness of Σ we deduce that Λ is compact. It is an standard result of Lorentzian geometry that, in a globally hyperbolic space, the causal future of a compact set is closed [8] , so, in this case, we have that J + (Λ) is closed inṼ . This means that it contains all of its limit points,
there is an open neighbourhood of i 0 that does not intersect J + (Λ), and so, an open region of J + that does not intersect J + (Λ). It is known that a connected set cannot contain a subset with no boundary (except for the empty set and the set itself) [19] . As we have already proved, J + (Λ) ∩ J + is not equal to J + . Since J + is connected, it follows that there must be a point q ∈ J + in ∂J + (Λ). In the proof of the generalised Penrose theorem we used that in a globally hyperbolic spacetime ∂J + (Λ) = E + (Λ), so in the compactificationM there is a null geodesic γ connecting p ∈ Λ ⊂ Σ with q. Furthermore, using the Theorem 51 of O'Neill [14] , we see that this null geodesic must be orthogonal to Σ and not contain any focal point of Σ before q, as otherwise we would have that q ∈ I + (Λ) and therefore q / ∈ E + (Λ). With respect to the metric g of M , γ is also a null geodesic orthogonal to Σ with no focal point of Σ, but now γ is future complete [8] . Although, since Σ is future trapped one has θ ( − → n ) ≡ (m − n) c < 0 for any future-pointing null normal one-form n µ [12] . Now, let (m − n) C be the maximum value of all possible θ ( − → n ) on the compact Σ. Then, using the Proposition II.5, we have that every null geodesic emanating orthogonally from Σ will have a focal point at or before the affine parameter reaches the value 1 C . This clearly leads to a contradiction, therefore the assumption is false. This Proposition will help us to study the singularities in theories of gravitation that include torsion. But first, let us introduce the main aspects of these theories.
IV. GENERAL ASPECTS OF THEORIES WITH TORSION
In this section, we introduce the geometrical background of gravitational theories that allow a non symmetric connection that still fulfill the metricity condition. The interesting fact about these theories is that they appear naturally as a gauge theory of the Poincaré Group [20] , making their formalism closer to that of the Standard Model of Particles, and hence making it a good candidate to explore the quantization of gravity.
Since the connection is not necessarily symmetric, the torsion can be different from zero. For an arbitrary con-
is the contorsion tensor.
Since the curvature tensors depend on the connection, there is relation between the ones defined throughout the Levi-Civita connection and the general one. For the Riemann tensor we have [21] 
where the upper index˚denotes the Levi-Civita quantities. By contraction we can obtain the expression for the Ricci tensorR
and the scalar curvature
All the theories that we will consider from now on will follow these geometrical properties, the only change would be the underlying physical theory.
V. SINGULARITIES IN TELEPARALLEL GRAVITY
TEGR is a degenerate case of the Poincaré gauge theories, since it is a gauge theory of the translation group only. Any gauge theory including these transformations will differ from the usual internal gauge models in many ways, the most significant being the presence of a tetrad field [22] . Given a nontrivial tetrad h a µ , it is possible to define a connection known as Weitzenböck connection
that presents torsion, but no curvature. With this tetrad field we can also construct the Levi-Civita connection, taking into account that the metric can be expressed as
where η ab is the Lorentz-Minkowski metric, and using the usual definition, as seen in Equation (1) . The relation between these two connections is given by Equation (9) . The Lagrangian density of this gravitational theory can be written as
where h = det h a µ , and
which is usually known as superpotential.
Using the relation between the Weitzenböck and the Levi-Civita connection in Equation (9) we can express this Lagrangian as
whereL is the Einstein-Hilbert Lagrangian of GR. Since they are equal except for a total divergence, the same field equations arise. Therefore it is a theory equivalent to GR. The field equations can be obtained by taking variations of the Lagrangian. Expressing them in pure spacetime form, we have
is the canonical energy-momentum pseudotensor of the gravitational field. Although this is the simplest framework for a theory with torsion, it is helpful for introducing the methods that we will use in more general cases. In GR we have considered geodesic incompleteness as a criterium of the appearance of singularities, based on the fact that causal geodesics are the trajectories of freefalling observers. Therefore, we wish to modify this criteria by terms of these trayectories in the theory that we are considering. We will say that our spacetime is singular if the domain of the affine parameter of at least one curve that follow any free-falling observer (including photons) is different from R. Before continuing, it is useful to define two important classes of curves, which coincide in the case of the Levi-Civita connection [23] :
• Autoparallel curves: these are the curves in which its tangent vector v µ is parallel transported to itself, that is:
The differential equation of the autoparallels is, under a suitable choice of the affine parameter:
which only takes into account the symmetric part of the connection.
• Extremal curves: these are the ones that extremise the length with respect to the metric of the manifold. It is worth mentioning that the length only depends on the metric, and not on the torsion. In order to see what are the equations of these curves we recall a standard result from Lorentzian geometry, that can be used as a definition:
Theorem V.1. Let γ be a smooth timelike curve connecting two points p, q ∈ M . Then the necessary and sufficient condition that γ locally maximizes the length between p and q over smooth one parameter variations is that γ is a geodesic with no point conjugate to p between p and q.
Then, the differential equations of these curves are the same of the Levi-Civita geodesics:
The trajectories of free-falling observers in theories different from GR do not follow these curves in general. Nevertheless, in TEGR they do. The equation of motion for free falling observers is [22] :
which is equivalent to
Therefore they follow extremal curves, which are the autoparallels of the Levi-Civita connection. It is particular interesting to discuss this issue for photons. It has been stated that Maxwell equations do not couple to torsion in the minimal approach. However, in TEGR the electromagnetic field is able to couple to torsion without violating gauge invariance [10] . Using the relation between the Levi-Civita and the Weitzenböck connection, one can verify that the teleparallel version of Maxwell's equations are completely equivalent with the usual Maxwell's equations in the context of GR. This means that they move according to the geodesic equation of GR, and so the causal structure is the same as in GR.
This discussion is more general. In fact, the equivalence between TEGR and GR means that all the singularity theorems developed in GR apply to this theory also. Therefore, the causal convergence and the curvature condition remain the same, although the expression for the Riemann and Ricci tensor change as discussed in the previous section, specifically in Equations (11, 12) .
VI. SINGULARITIES IN EINSTEIN-CARTAN THEORY
The Einstein-Cartan (EC) theory of gravitation is the most recognised theory that includes torsion [23] . The main reason to introduce this theory is the fact that it allows to consider massive spinning fields in a natural way, while maintaining all the experimental succes of GR. This theory arises when searching for a Poincaré gauge theory with no quadratic terms of R in the Lagrangian. The geometrical structure is the one analysed in section IV.
The field equations are obtained by varying the Lagrangian of this theory with respect to the metric and the contortion:
and
is the modified torsion tensor. At this point, we might wonder what are the trajectories of the free-falling observers, in order to establish some singularity theorems.
Since it is impossible to perform the minimally coupling prescription for the Maxwell's field while maintaining the U (1) gauge invariance, the Maxwell equations are the same as in GR. Therefore, they move following null extremal curves, and so the causal structure is determined by the metric structure, just like in GR. Also, from the minimally couple procedure, it follows that particles with no spin, represented by scalar fields, do not feel torsion as well, since the covariant derivative of a scalar field is just its partial derivative. This means that the test particles follow the geodesics of the Levi-Civita connection, which allow us to generalise trivially the singularity theorems. Just like in TEGR, the causal convergence and the curvature conditions remain the same, it just changes the expression for the Levi-Civita Riemann and Ricci tensors, as given by Equations (11, 12) .
In any case, even for trayectories decoupled from torsion, energy condicitions are modified. Although the curvature condition is the same as in GR, these conditions change due to the fact that the field equations are different. Since Equation (27) is purely algebraic we can substitute everywhere spin with torsion. Now we split the Einstein tensor into the Levi-Civita (G µν ) part and the rest, and we change the torsion terms by means of Equation (27) , obtaining
whereσ µν is the combined energy-momentum tensor
Now, by using Equation (29) we can write the energy conditions. The strong energy condition can be expressed asσ
whereσ = g µνσ µν . And for the weak energy condition we haveσ
So far we have analysed the singular behaviour of photons and spinless particles, but it is more interesting to study the behaviour of spinning fields. This question has already been addressed in the literature, mainly following two approaches. The first one is to study the singular behaviour of particular cosmological models using the energy conditions and the modified Raychaudhuri Equation for non symmetric connection derived by Stewart and Hajicek [24] (for a review of this approach see [23] ). These studies try to obtain plausible cosmological models that are singularity free. Nevertheless, they come to the conclusion that it is necesary to have regions with high spin density to observe a behaviour different from GR, and to avoid the singularities. On the other hand, Esposito [25] proved a singularity theorem for EC theory based on the incompleteness of autoparallel curves. He considers this criteria to be sufficient to establish the singular character of a spacetime. In this article we propose another approach, based on the result of the appearance of black hole regions in an arbitrary Lorentzian manifold.
It is clear that, since torsion does not vanish, spinning particles do not follow extremal curves. Therefore we cannot predict the incompleteness of their trajectories using the theorems of GR. However, independently of how torsion affects these particles, they will follow timelike curves, since they are massive and we assume that locally (in a normal neighbourhood of a point) nothing can be faster than light (null geodesics). This means that the appearance of black holes regions would imply that some spinning particles fall in them and therefore they would be causally disconnected from the rest of the spacetime, hence they would disappear (at least from the point of view of an outside observer). Something analogue happens for white hole regions: there would be spinning particles that appear out of nothing. We think that at this point the reader might agree that this is a sufficient strange phenomena to consider a spacetime to be singular. Considering this criteria we establish the following theorem:
Theorem VI.1. Let (M, g) be a strongly asymptotically predictable spacetime of dimension n, and Σ a closed future trapped submanifold of arbitrary co-dimension m in M . If the curvature condition holds along every future directed null geodesic emanating orthogonally from Σ, then some timelike curves in M would be incomplete, hence M is a singular spacetime.
VII. SINGULARITIES IN DYNAMICAL TORSION THEORIES
So far, the two torsion theories that we have analysed are part of a set of theories known as Poincaré Gauge Gravity [23, 26] . The reason why there are many theories under this premise is because we can construct a large number of invariants from the curvature and torsion tensors, and therefore a general gravitational Lagrangian has the complicated form of a sum of all available invariants of proper dimension. The coefficients in the sum can be arranged to obtain different gravitational theories (for some criteria on the election of these coefficients see [26] ).
In this section, we will study a PG theory of gravity, hence it has the same geometrical background explained in section IV, with the following vacuum Lagrangian [27] :
One interesting feature about this theory is that if we set the torsion to be zero, we recover GR. This is usually imposed as a requisite in PGG, since it prevents the appearance of instabilities. The field equations are derived from this action by performing variations with respect to the gauge potentials:
where the functions T, H, C, Y depend on the Riemann and torsion tensor and their contractions:
As we have explained, the only difference between this theory and EC are the fields equations. This means that the curvature conditions remain the same, and so does the Proposition about the appearance of black holes. Nevertheless, the energy conditions change.
In Equation (34) we have already isolated the LeviCivita Einstein tensorG, therefore we can consider the right side of the equation as an effective energymomentum tensorG
This leads us to the energy conditions for this theory:
• Strong energy condition:
for every timelike vector v µ .
• Weak energy condition:
for every null vector v µ .
These conditions depend on some intricate functions of the curvature tensor, and it makes us think that probably it is better in this case (and also in EC) to evaluate the condicions directly calculating the Levi-Civita Riemann and Ricci tensor of the considered metric. However, expressing them in this form makes us realise of some curious facts about the theory.
It is interesting noting that in GR a vacuum solution always meets the energy conditions. In this theory though, the situation is different. For example, we can arrange the coefficients in a way that the spacetime contains a closed trapped submanifold of codimension 2 (closed trapped surface) and yet be a singularity free spacetime. This is impossible for a vacuum solution in GR (if the generic condition holds), since in this kind of solutions the Ricci tensor is identically zero.
Let us now explore a specific case. First, we set all the coefficients to zero except for d 1 . Observing the field equations, we see that the second one can be solved by setting the Ricci tensor to be zero. In that case, the first equation is just:G
which is the vacumm field equation in GR. This means that flat Ricci solutions (R µν = 0) recover the same metrics that GR. However, this is not true for an arbitrary connection, since the equations that relate the Ricci tensor with the Levi-Civita one must hold. Therefore, this statement would be true for connections that follow the equation
At first sight, one might think that the only solution to this equation is a zero contorsion tensor, hence obtaining a torsion-free spacetime. However, let us for example take K 0 10 = −K 1 00 = 1 and the rest to be zero. Then it is easy to see that the previous equation holds. Therefore, with a suitable connection we can recover all the metrics of the vacuum solutions of GR in a torsion theory.
The interesting fact is that, although the metrics are the same as in GR, and hence very well known spacetimes that describe satisfactorily many physical situations, the underlying theory is different, and so the matter and energy content and the motion of particles will differ from GR. Nevertheless, as we have seen, we can still apply the GR singularity theorems to scalar fields and photons, and the black hole formalism for the rest of particles. Since the metric is the same, the conditions of the appearance of timelike and null singularities and black/white hole regions would be the same as in GR. So in this case, we can establish that the presence of torsion does not change the singular behaviour of the spacetime.
Although this was a rather special case, it is possible to recover some famous metrics with a more general election of the coefficients. This is the case of a recent solution by two of the authors [27] , where a Reisster-Norstrom solution is found setting the coefficients to be c 1 = −d 1 /4 and c 2 = −d 1 /2. Since this is a black hole solution, we can study under the singular behaviour of spin particles within this framework.
VIII. GENERAL SPACETIME WITH TORSION
For this section we will assume an arbitrary theory with the same geometrical background as section IV. As we have already discussed, a minimally coupled scalar field in this theories will follow timelike geodesics, so we can use the singularity theorems of GR that are based on incomplete timelike geodesics, such as Hawking's theorem. On the other hand, we have been using the fact that in the theories that we have considered, photons follow null geodesics. This is not necessarily true for all the torsion theories, since in some of them we can couple the Maxwell equations to torsion non-minimally and still preserve the gauge invariance. Nevertheless, this would mean that we can use the black hole formalism, because they would not follow spacelike curves. Here we can see how powerful this result is, because it allows us to predict the singular behaviour of any non-spacelike curve, which includes coupled photons, spinning particles or non-minimal coupled fields.
Since we are not considering any specific theory we cannot obtain the energy conditions. However, the process would be similar to the one applied in the previous cases: we isolate the Levi-Civita Einstein tensor and identify the other side of the equation as a modified energy-momentum tensor, that will be the one used in the energy conditions.
IX. CONCLUSIONS
In this work we have studied how to extend the tools used in GR to deduce the appearance of singularities to theories of gravitation that include torsion. In order to study that, we have first reviewed two modern singularity theorems by Senovilla and Galloway. For our purposes, the interesting part about these theorems is the curvature condition that they obtain to predict the existence of focal points of a spacelike submanifold. We have used that result to prove the Proposition II.5, that gives us the necessary conditions for the appearance of black/white hole regions of arbitrary dimension in a spacetime. With that established, we have analysed three particular theories. In the case of TEGR we have obtained equivalent results to General Relativity, although the expression for the curvature tensors change, as one might expect. In EC theory we have seen that for minimally coupled scalar fields and photons we can use the results proved in GR. For the rest of particles, we consider the existence of black/white hole as an indicator of the singular character of their trajectories. In this case we also obtain their energy conditions. For the dynamical torsion example we have made a similar analysis of that of EC theory. We have obtained the same geometrical results, although the energy conditions change, leading to some interesting behaviours. For instance, we have shown that in a vacuum solution we can have a violation of the energy conditions, something that cannot happen in GR or EC theory. Furthermore, we analyse a particular Lagrangian and obtain that we can reproduce all the metric structure of the vacuum solutions of GR in theories with torsion. Finally, we give a general prescription to study the singular behaviour of general torsion theories.
The singularity character of these theories can be studied with the prescription given in section VII. Moreover, we have used the cosmic censorship as a plausible condition in torsion theories. In any case, it would be very interesting to study the possible creation of naked singularities in these theories and to test with concrete examples if spinning particles would reach the black/white hole regions. In order to conclude if the spin can advert singularities in torsion theories, it is useful to work in the semiclassical limit of the Dirac wave function via the WKB approximation, as treated in [28] . Using the equation of motion given by Audretsch we can simulate numerically the movement of spin particles around the event horizon. Work is in progress along this line.
